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Let n and p, be probability measures on a locally convex Hausdorff real 
topological linear space E. C. R. Baker (Lecture Notes in Mathematics No. 109, 
pp. 3344, Springer-Verlag, Berlin/New York, 1979) posed the problem of charac- 
terizing the absolute continuity of ,a and nI by their characteristic functionals. The 
aim of this paper is to give an answer to this problem in the case where n is a 
Gaussian Radon measure. A Fourier transform shall be defined, the inversion for- 
mula established, and then a necessary and sufficient condition given for p, to be. 
absolutely continuous with respect to n based on the characteristic functional. As 
applications, for the convolution p, =p*v, where v is a Radon measure on E, we 
shall give some concrete sufficient conditions on v for n*v <n. 0 1985 Academic 
Press, Inc. 
1. INTRODUCTION AND NOTATIONS 
Let E be a locally convex Hausdorff real topological linear space, E* be 
the topological dual space of E, (x, 5 > be the canonical bilinear form on 
E x E*, B(E) be the Bore1 field of E, and %(E, E*) be the a-algebra 
generated by ((x, 5); 5 E E*}. Every Radon measure ,u on (E, B(E)) is 
uniquely determined by the characteristic functional 
lita= f, ei<x-5> dp(x), 5 E E*. 
Therefore a Radon measure pI is absolutely continuous with respect to p 
(denoted by p1 6~) on (E, .&T(E)) if and only if p, B P on (E, V(E, E*)). If 
pi and p are mutually absolutely continuous, we denote it by p, -p. 
Let p be a Gaussian Radon measure on (E, W(E)). Then without loss of 
generality we may assume that the mean is zero (C. Bore11 [3]) and E is 
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the minimal closed linear subspace of probability 1. Let H be the reproduc- 
ing kernel Hilbert space of p with norm 15 1 and inner product (5, q). Then 
H is separable (H. Sato and Y. Okazaki [7], C. Bore11 [3]), and, identify- 
ing H* with H, we have E* c H c E, where E* is dense in H. The charac- 
teristic functional of ~1 is p( {) = exp[ - 1 I{l’]. 
A subset A of E is called full iff A E W(E) and p(A) = 1. A random linear 
map T of E to a topological linear space (P, 9(F)) is a measurable linear 
map defined on a full linear subspace of E. Every random linear map T has 
an explicit value on H since H is included in every full linear subspace of E 
(H. Sato and Y. Okazaki [7]). A real-valued random linear map is called a 
random linear functional. In Section 2 we shall show that every 5 E H is 
extended to a random linear functional denoted by (x, 5) and that every 
finite-dimensional orthogonal projection P of H is extended to a random 
linear map of E onto PH, which is again denoted by P. 
The collection of all finite-dimensional orthogonal projections of H is 
denoted by 8. A sequence (P,} in 9 is called an approximation sequence iff 
x=lim,P,xforeveryxEHand P,HcP,,+~H,~EN. 
The characteristic functional of a Radon measure p1 on E is called p-con- 
tinuous iff pl<p, and p-equivalent iff p,-p. Let j.&(t) be a p-continuous 
characteristic functional. Then there exists the Radon-Nikodym derivative 
p(x) = (dpJdp)(x), a.e. (p), and we have 
i&t<) = ~xCe’(x~e)p(x)l, 5 EH, 
where IE,. ] is the mathematical expectation with respect to p in the 
variable x. Therefore our problem is reduced to characterize the image of 
L!+(P) = (4 E L’(P); 4(x) > 0, a.s. (PL)} 
under the above transformation. However, it is more convenient for our 
purpose to define the Fourier transform 9 on L’(p) by 
J(r) = (54)(r) = e(‘/2)1c12 E,[ei(“~s)$(x)], CEH,@~‘W 
Then our problem is equivalent to characterizing the image of L\(p) 
under 8. 
In Section 2 of this paper we prove the Riemann-Lebesgue property for 
a ycontinuous characteristic functional. In Section 3 we discuss the tame 
functionals. In Section 4, combining the idea of the “measurable function” 
of L. Gross [4] and the theory of the classical Fourier transform, we 
establish the inversion formula for 9 (Theorem 4), under the assumption 
of the integrability, give a necessary and sufficient condition for a con- 
tinuous functional on H to be the Fourier image of a p-integrable 
functional (Theorem 5), give a necessary and sufficient condition for a 
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functional on H to be a p-continuous characteristic function (Theorem 6), 
and then give an application to the Wiener measure (Theorem 7). In Sec- 
tion 5 we discuss the convolution p1 = p * v, where v is a Radon measure 
on E. Since p is H-quasi-invariant, p * v $ ,u if v(H) = 1. We give some con- 
crete sufficient conditions on v for p * v 4 ,u, including the case v(H) = 0. 
Throughout the paper every non-negative definite functional f is assumed 
to be normalized, i.e., f(0) = 1, except for Lemmas 3 and 4, and every 
Radon measure is a probability measure. The measure &(t) on lRd denotes 
the modified Lebesgue measure 
dl(t) = dil(t,, t,,... td)= (27~)-~‘*dt,dt~...dt~. 
We also use the following notations. 
~(~)=fwC-115121, C(5) = expC& 151*1, 
IF2 = real numbers, C = complex numbers, 
aBd = d-dimensional Euclidean space, 
N = natural numbers, N, = non-negative integers. 
2. RIEMANN-LEBESGUE PROPERTY 
Let p1 be a Radon measure on E and z(pi) be the topology on E* 
induced by the convergence in probability pL1. Then, if pI -+p, z(pi) is 
weaker than z(p). On the other hand z(p) is equivalent to the topology of 
H. Therefore if pi <,u, bl(<) is continuous in the topology of H so that 
extended to H. In this paper we only consider the non-negative definite 
continuous functionals on H. 
For every 5 in H, since E* is dense in H, there exists a sequence {t,} in 
E* such that lim, I< - (,,I = 0. Then, since { (x, 5,) } n E N is a Cauchy 
sequence in r(p), (x, <,) converges to a real random variable 5(x) in r(p). 
Let { (x, &,,) > k E N be a subsequence which converges almost surely to 
r(x) and define (x, 5) = lim,(x, t,,). Then (x, 0 is a random linear 
functional on (E, ,u). Therefore the definition of (x, 5) depends on the 
choice of the sequence { &,,} but it is easy to show that (x, <) is defined uni- 
quely up to p-null sets so that the distribution of (x, 5) is determined uni- 
quely. (x, [) obeys to a Gaussian distribution of mean zero and variance 
lrl2 (denoted by N(0, 1<12)), and (x, e) and (x, q), {, q E H, are independent 
if and only if (t, q) = 0. 
For every P in 8, let { ek . 1 $ k < d} be a CONS (complete orthonormal 
system) of PH. Then obviously 
d 
h = 1 (x9 ek) ek 
k=l 
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defines a random linear map of E onto PH. The definition of P depends on 
the choice of the CONS but is unique up to p-null sets so that the dis- 
tribution of Z% is determined uniquely. We denote P again by P and 
remark that we have 
6, PO = (Px, PO = (PX> 5) 
almost surely on (E x E, p x p). 
Let a(P) be the a-algebra on E generated by ((x, 5); 5 E PH}, and for 
every approximation sequence (P,) in 9, let V,$(P,J be the a-algebra 
generated by Un@(Pn). Then for every %(E, E*)-measurable function 4 on 
E there exists a V,@(P,)-measurable function 4r such that 4(x) = #r(x), 
a.s. (p). Therefore it is sufficient to show the absolute continuity on 
V, W( P,) for an approximation sequence {P,} in 9. 
For every 4 in L’(p) and every P in 9 we denote the conditional expec- 
tation with respect o 9(P) by 
W)(x) = Lcw(p)l. 
Let {ek : 1 < k < d} be a CONS of PH (so that d is the dimension of PH). 
Then there exists a Bore1 function (P#)*(t) = (Pti)*(t,, t2,..., td) on Rd such 
that 
W)(x) = W)*((x, e,), (4 e2L (x3 ed)), a.s. (FL). 
THEOREM 1. Let 4 be in L1(p) and define 
q(r) = Ex[ei(xyt)#(x)], 5 E H. 
Then we have the following. 
(1) & is bounded and uniformly continuous on H. 
(2) For every approximation sequence (P,) in 9 
(3) (Riemann-Lebesque property) 
lim &t)=O. 
ICI + a, 
Proof. (1) is trivial. 
(2) Let {P,} be an approximation sequence in 9. Then 
226 HIROSHI SAT0 
P”4 = ~xC4l~(p,)l converges to 4 in L’(p) (J. Neveu [S, Proposition IV- 
2-31) so that we have 
sup 1769 - (PG)(U 
5EH 
= ;upH I LCei’“9s’(4(x) - (p,$)(x))l IE 
6 u-l&) - (P,4)(x)ll--+ 0 asn+ +co. 
(3) For eEy E >O by (2) there exists P in B such that 
supCEH I&<) - (P#)(r)l < 4s. On the other hand we have 
llX(t)l = I~xCe”“WV)(x)ll 
= IkSe i’“WV)*((x, el), (4 ed,..., (x, edI 
= C(V- P) 5) J(4), 
J=J(O= jRde i=.k’k(5rek) (Pq5)*(t*, f2 )...) td) C(t,, f2 )...) td) dA(t ,,..., Zd), 
where Z is the identity operator of H, { ek: 1 Q k 6 d} is a CONS of PH. 
Then we can easily prove that lim,,,, co C((Z- P) 5) J(r)=0 by the 
classical Riemann-Lebesgue theorem and the boundedness of C(t) and 
J(t). 
From now on we denote the integral J(5) symbolically by 
J(5) = j e”“gPS’(P~)(Px) C(Px) M(Px). 
3. TAME FUNCTIONALS 
A p-measurable functional 4 =4(x) on E is called a tame functional if 
there exists P in B such that d(x) = Q(Px), a.s. (,u), and a functional 
tj = $(l) on H is called a tame functional if there exists P in 9 such that 
$(<) = #(Pl) for every <E H. It is obvious that every continuous tame 
functional on H is extended to a p-measurable tame functional on E. 
The.following lemma is proved in S. Bochner and K. Chandrasekharan 
[2, Theorems 37 and 381. 
LEMMA 1. Define the classical Fourier transform by 
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for f~ L’( Wd, dl). Then we have 
(1) f(t)=lim,,,S~e-i’~a’J(a) q&a) &(a), U.S. (dA). 
(2) In particular ify(a) is dA(a)-integrable, then 
f(t)=lRde -i(‘,a)T(a) dA(a), a.s. (dA). 
On the other hand we have the following lemma. 
LEMMA 2. Let 4 be a p-integrable tame functional on E such that 
4(x) = #(Px), a.s. (p), for a P in 8. Then $= 94 has the representation 
&(5) = &Pt ) for all c in H, and extends to a tame functional on E. 
Proof Assume that (b satisfies the hypothesis. Then we have 
&PC) = C(P<) lEX[ei(x’pcJ 4(x)] 
= C(Pg) lE,[ei(x, ps’+(Px) J 
= C(t) lE,[e’(“~“~(Px)] 
= c(5) Ex[eicx3e)&x)] = $((), 5 E H. Q.E.D. 
For a p-integrable function rj we define 
(p+)(t) = c(t) E,[e-i’“7” +(x)1, t E H. 
If $ is a tame functional, Ftj is also a tame functional on H and can be 
extended to a tame functional on E. 
THEOREM 2. Let $ be a continuous tame functional on H which is 
p-integrable on E. Then II/ is the Fourier transform of a p-integrable tame 
functional on E if and only if 4 = gtj is p-integrable. 
Moreover if such q5 is p-integrable, we have I,!I = 94. 
Proof. Assume that $(<)= $(P[), 5 e H, for a P in 9 and q5= StJ is 
p-integrable. Then we have 
d(x) = 4(Px) 
= C(Px) iEc[e-i(5~PX)$({)] 
= C(Px) Ee[e-‘~P~*pX’tj(P~)] 
so that 
C(Px)ti(Px) = [ES[e-‘(Px,Pt) $(P<)] 
= e 
s 
-“pX*pr’+(P<) C(P<) dA(P<). 
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This shows that C(k) q5(Px) is the classical Fourier inverse transform of 
C(PC;) #(Pt). If 4(x) =4(k) is p-integrable, then C(Px) Q(Px) is 
dA(Px)-integrable and we have by Lemma l(2) 
#(Pt) C(Pc) = 1 eicpx, ‘s’C(Px) qS(Px) dl(Px), a.s. (dA), 
so that 
e(t) = ij(P() = C(P{) lEx[ei(px*p5) qS(Px)] 
= C(l) E,[eicq r’qz5(Px)] 
= C(r) lE,[e’(x, “f$(x)] = (94)(l), 
The necessity is a simple corollary of Lemma 1. 
a.s.(p). 
Q.E.D. 
We estimate the Fourier transform of some typical tame functionals. 
The proof of the following lemma, which is similar in spirit to that of the 
Lebesgue differentiability theorems (cf. W. Rudin [6, Theorem 8-6]), was 
given by J. Bourgain in a personal communication. 
LEMMA 3. Let v be a finite measure on Rd which is singular to M. Then 
we have 
lim (E)-~‘* IRd C (y) dv(s) = 0, a.s. (dL(t)). 
E-t0 
Proof: Without loss of generality we may assume that v is a probability 
measure. Since v is singular to dl, there exists a Bore1 subset N of I?’ such 
that 1(N) = 0 and v(N) = 1. 
For every E > 0 define 
f,(t) = Wd/’ id C(z) W) 
=,.,-j-/(y)dv(s), tE(Wd, 
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and for every 6 > 0 
Then for every t in A there exists a sequence of positive numbers 
&k = &k(t) + 0 and f,(t) > 6 for all k E N. 
Fix any t in A and any E > 0, define 
Then we have 
so that 
6 ,/&c e-k V(Bk). 
k 
Let I= 1(s) be the minimal number in N,, greater than 
1 - log 6 - (42) log E - log(e - 1)/2e. Then we have 
so that 
< 1 e-kV(&)+ c e-k 
k<l k,l 
< c e-*v(B,)+;@, 
k<l 
and 
Define L = &I(& - 1) = Ckm,O eMkf2 and M= 6 fid/2L. Then there 
exists k(c) < I= I(E) such that v(B,(,,) > Me k(E). In fact assume the contrary. 
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Then for every k < I we have v(Bk) c iWe”’ so that 
1 e-kv(B,)< c eeki2M 
kil k<l 
which is a contradiction. 
Define for every k 2 0 
Dk= {add; Js-t(2<2(k+1)s). 
Then we have n(ok) = y dmd, where y is a positive constant 
independent of t, E, and k, so that 
Since 
/I=::!$/ y(k + 1 )d’2 > 0, 
we have 
On the other hand, we have k(e)<I(E)=2-log S- (d/2) log E- 
log(e- 1)/2e so that 
~(D,,,,) = Y Jmd 
byJMd+O as E +O. 
Thus we have proved that for every t in A and every r > 0 there exists a 
closed ball D with center t and radius less than r such that v(D) > PA(D). 
Assume that b = A(A) >O. Then there exists a compact subset K of N 
such that v(K) 3 1 - (p/2) b and we have rZ(K) < I(N) = 0. Define A’ = A\K. 
Then we can choose a sequence {Dn} of closed balls such that 
u D,IA’, D,nK=@, D,nD/=@(k#l), k, IE IV. 
n 
Then we have 
VW) = Wn U, D,) = 4Un &I 
2 BNJ, D,,) = B(4U, D,J + 4K)l 
3 MA) > /%. 
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On the other hand, by the assumption we have v(K) > 1 -#b so that 
v(A) = v(A’) + v(K) 
>/3b+l--$j?b 
=l+fj?b>l. 
This is a contradiction. 
Thus we have proved that A(A(6)) = 0 for every 6 > 0, which implies 
A(t c 6P: lim supf,( t) > 0) = 0. 
E 
Q.E.D. 
As an application of Lemma 3 we have the following lemma. 
LEMMA 4. Let f =f (a) be a complex-valued function on Rd. Then there 
exists a non-negative A-integrable function p on Rd such that 
f(a)=SR*e ‘(‘, *‘p(t) dl( t), aElF+, 
if and only lff is non-negative definite continuous and 
f (0) = IRd dn(t) Fz IRi e -i(t,or)f (a) C(,/&) dA.(a). 
ProoJ The necessity is evident from Lemma 1. We shall prove the suf- 
ficiency. 
Assume that f satisfies the hypothesis. Then by Bochner’s theorem there 
exists a finite measure m on lRd such that 
Let dm( t) = p( t) dA( t) + dv( t) be the Lebesgue decomposition of m where v 
is singular to dA. Then we have 
and by Lemma 1 
“‘*“‘fi(a) C(&a) dA(a), a.s. (dA(t)). 
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On the other hand by Lemma 3, since v is singular to 1, we have 
lim s E-O & 
eict,0r)f2(c1) C(Jicf) dJ.(a) 
=liy/Rd/?C(y)dv(s)=O, a.s.dl(t). 
Therefore we have 
p(t) = lim j” e “‘*“‘f(a) C(,/&) dA(a), a.s. dJ( t). 
Furthermore we have 
VW’) + fRdN) 4t) = NW =f(O) = fRdAl) 4t) 
so that v=O. 
Q.E.D. 
Now we can give a characterization of a p-continuous characteristic 
functional in the case of tame functionals. 
For a p-measurable functional $ on E and P in 9 define 
(9&)(x) 41io C(Px) Ec[e-j(“,‘q(Pr) q/&P<)] 
if it has a meaning. In particular if t,G(Pt) is p-integrable, then we have 
(B,@)(x) = C(Px) lE,[e-“P”,P5’+(P<)]. 
THEOREM 3. Let $ be a tame functional on H such that I&<) = $(Pr) for 
a P in 9’. Then f (5) = C(c) $([) is a p-continuous characteristic functional if 
and only zff(S) is non-negative definite continuous on H (so that zF,I/ is 
well defined) and we have lE,[(g,@)(x)] = 1. 
And then (g,+)(x) is the Radon-Nikodym derivative. 
Proof: Assume that $ satisfies the hypothesis. Then we have 
(P&)(x) = lim C(Px) E,[e- 
e-0 
i”“~‘q(Pg) q/&P<)] 
= lim C(Px) j e-‘ “‘“*‘~‘$(~5) c(Pr) C(m) dJ(pO 
=lim C(Px) f e-i(“‘P5)f (PO C(,,&Pt) dJ(Pl). 
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Sincef(P<) satisfies the hypothesis of Lemma 4 we have 
f(P<) = 1 eicpx’ ‘t)(9p$)(x) C(Px) dA(Px) 
= Ex[ei(px’ Pt’(5Fp$)(x)]. 
On the other hand by the definition we have (B&)(x) = (g&)(Px), 
a.s. (p), so that 
f(5) = W-P) 5)fuT) 
= C((Z- P) <) E,[ei(p”~P~~(2Fp~)(P~)] 
= Ui,[e i(x, yFp$)(x)]. 
The necessity is also proved in the same manner. Q.E.D. 
4. GENERAL INVERSION FORMULA 
THEOREM 4 (Inversion Formula). Let 4 be a p-integrable function on E. 
Then for an arbitrary approximation sequence {P,,} in 9 we have 
gP,6= LCW(~,)l, nEN. 
Therefore gp,$ converges to 4 simultaneously in L’(p) and almost surely. 
Proof. By the definition we have 
(~P”49(X) 
= Fyo C(P,x) &[e- i(Pn”*p”q(P”~) C(JiP,cg] 
= liyo C(P,?) lEt;[eCi(Pnx~PW(Pn<) Ey[ei(y’p”c)f$( y)] C(JP,4)1 
= lim z’(P,x) Ec[e-i(pnx,pnr)~(P,5) 
=liy C(P,x) 1 e-‘(Pnx,Pn5) C(&‘,t) M(P,5) 
x ei(pny~pnc)(P,q5)(p,y) C(P,y) dA(P,y) 
s 
= (P”4)(P,X) 
= CL4 I WJI, a.e. 
by Lemma 1. Q.E.D. 
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THEOREM 5. Let rl/ be a continuous functional on H such that 
@(Pnr), n E IV, are u-integrable for an approximation sequence {P, } in 9. 
Then there exists a u-integrable function 4 such that @ = 94 if and only if 
Fr,$, nE N, are u-integrable and converge to 4 in L’(u). 
Proof: Assume $ satisfies the hypothesis so that S,+, converges to a 
p-integrable function I$ in L1(p). Then we have for every 5 in H 
= lim C(5) E,[e”x35’(g-p,$)(X)] 
” 
= lim 9-S,*. 
n 
Since (gpm$)(x) = (g-p,+)(P,x), a.s. (p), by Theorem 2 we have 
‘b(Pn5) = ~64 --) ‘b(t) asn-,co,lEH. 
The necessity was proved in Theorem 4. Q.E.D. 
Before stating Lemma 5, we remark that by the continuous injection of E 
into (E*)“, the algebraic dual of E* with the weak topology a((E*)“, E*), 
p is extended to a Gaussian Radon measure p on (E*)“. On the other 
hand, every non-negative definite continuous functional f on H uniquely 
defines a probability measure Fr on ((E*)=, %( (E*)“, E*)) such that f is the 
characteristic function of C,-. Then it is easy to show that f is a p-continuous 
characteristic functional on H if and only if Ff$jj on ((E*)“, G??((E*)“, E*)). 
LEMMA 5. Let f be a non-negative definite continuous functional on H, Cf 
be the corresponding probability measure on ((E*)“, %((E*)“, E*)), and 
(P,} be an arbitrary approximation sequence in 9. Then tf VY is singular to ,ii 
on Q?((E*)“, E*), then (F-,$)( x converges to zero almost surely (ji), so ) 
that almost surely (u), where e(t) = C(t) f (t), 5 E H. 
Proof: Since E is a p-measurable full set in (E*)“, random linear maps 
on E are naturally extended to (E*)“. Denote the a-algebra on (E*)” 
generated by ((x, 0; 5 E P, H} by a,,, V,& by aa, the restriction of v/ to 
9,, by V,, and the restriction of ,C to a,, by ,&, respectively. Then for every 
‘#((E*)‘, E*)-measurable function 4 on (E*)” there exists a &,-measurable 
function 4, such that 4 = 41 a.s. (fi). Let 
r,(A) = 1 P,(x) d&(x) + BAA 1, AE@“, 1 <n< +oo, 
A 
be the Lebesgue decomposition of V, with respect to ,i& so that 6, 
is singular to j&. Since {an } is increasing, by J. Neveu [S, Proposition III- 
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2-71 {p,} is a non-negative supermartingale so that p,, converges almost 
surely (j) to pm. On the other hand SY is singular to ji so we have pm = 0, 
a.s. (ji). 
On the other hand we have 
f(Pn<) = J e’(x.P”S)pn(x) dj&(x) + 1 e+TPnS) do,(x) 
=fitPd) +f@nO, 5 E K 
so that by the proof of Lemma 4 we have 
EQh =Pn(X), a.s. (i&J, 
~P.b=Q a.s. (I%), 
where we define + 1 = Cf 1 and $ 2 = Cf2. Therefore we have 
lim~~“~=lim~~“~l+lim~~“lCIZ 
n ” n 
= lim p,(x) = 0, a.s.(ji). 
n 
Q.E.D. 
THEOREM 6. Let f be a functional on H. Then f is a p-continuous charac- 
teristic functional if and only iff is non-negative definite continuous on H and 
for a (so that any) approximation sequence P, in 9’ 
hi(x) = C&f)(x) 
converges in L’(p) to 4 such that E,[#(x)] = 1. 
And then 4 is the Radon-Nikodym derivative. 
Proof. Assume that f is a p-continuous characteristic functional with 
the Radon-Nikodym derivative p, Then we have Cf = Fp so that by 
Theorem 4 
~&Kf)=uPl-@wJl 
which converges to p in L1@) as n + 00. 
Conversely assume that f satisfies the hypothesis of the theorem. Then 
there exists a probability measure Gf on ((E*)“, %?((E*)“, E*)) with the 
characteristic functional J: Let dVhx) =p(x) d,?(x) + d&x) be the Lebesgue 
decomposition of v/with respect o ji, the extension of p to (I?*)“. Then we 
have 
f (5) = 1 e”“*“p(x) dji(x) + I e’(“. r)d6(x) 
=fi(O +fi(5), l EH. 
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By Theorem 4 PPn( C& ) converges to p in L1 (ii). On the other hand, since 
0 is singular to fi, by Lemma 5 either PP.(&) converges to zero in L’(p) or 
does not converge in L’(C). By hypothesis PPn( Cf) = g&(itfi ) + PPm( Cf2) 
converges in L’(p) so that converges to p and we have 
Jp(x) d/4(x) = 1 = - vk(E*)“). Therefore 6=0 and the theorem is proved. 
Q.E.D. 
Reformulating Theorem 6, we have the following proposition. 
PROPOSITION 1. Let f be the characteristic functional of a Radon measure 
,u, on E. Then p, + p if and only if f is continuous on H and for a (so that 
any) approximation sequence (P”} in S 
fjn(x) = pyo scd(“) 
1 [ 
exp 
E 
-& IP,x- p,,z+; VW’] 
x dfl,(y), ilEN, 
where d(n) is the dimension of P, H, converges in L’(p) to 4 such that 
~xCQ(x)l= 1.
And then 4 is the Radon-Nikodym derivative. 
Proof: Since we have 
f(r)= jE eiCYSc)dp,( y), [ E H, 
Fubini’s theorem implies that 
= F.. C(P,x) lE,[e- i(P~*P”S)-(&2/2)IP”F12 C(P,[) f (P,5)] 
= liyo E -d~n1 -& lP.x-P,~l~+; IP.rl’] b(y). 
Then Theorem 6 proves the proposition. Q.E.D. 
Let An = (%J9 en,2p-e9 %dW>? n E N, be a sequence of ONS in H. Then 
{A,) is called an approximation sequence of ONS in E* iff we have 
A,cE”, AncAn+,, n E N, and the closed linear span of IJn A, coincides 
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with H. Let {d,} be an approximation sequence of ONS in E*. Then for 
every n the projection 
d(n) 
pnx= c (x7 en,k) en,k 
k=l 
is well defined for all XE E and it is easy to show that {P,} is an 
approximation sequence in 9. A slight modification of Proposition 1 gives 
the following proposition. 
PROPOSITION 2. Let p, be a Radon measure on E. Then p, 4 p if and only 
if there exists an approximation sequence of ONS in E*, say, 
A, = {en,, , en,2,..., e&d(,)>, n E N, such that 
f$Jx) = liio cudtn) 
-2(x, en,k><YT en,k) + <.% en.k)2) 1 ‘h(Y) 
converges in L’(,u) to 4 such that [E,[&x)] = 1. 
And then C$ is the Radon-Nikodym derivative. 
Proof Let P, be the orthogonal projection of H onto the linear span of 
A,, n E N. Then {P,} is an approximation sequence in 9 and we have 
-$ IP,x- P.Yl”+; lP,x12 
=sk$: ((1 -E2K X,en,k)2-2(x,e,,k)(y,en,k)+(Y,en,k)2}, 
which is well defined for all x, y in E since A,, c E*, n E I%. Therefore, 
without using the continuity of i&(r) on H, from the hypothesis we can 
construct the Radon-Nikodym derivative and the sufficiency is proved. 
The necessity is proved as a simple corollary of Proposition 1. Q.E.D. 
We apply Proposition 2 to the Wiener measure. 
Let B(t), 0 < t < 1, be the standard Brownian motion, X(t) be an 
arbitrary continuous process on [0, 1 ] vanishing at zero. Then B(t) and 
X(t) induce the Wiener measure p and a Radon measure pl on the real 
separable Banach space C[O, 11, the space of all continuous functions 
vanishing at zero, respectively. The topological dual space of C[O, 1) is 
&‘(O, 11, the space of all signed measures on (0, 11. 
Let 
9” : 0 = t,, < t,,1 < . . . < &d(“) = 1 
be a decomposition of [0, 1 ] such that 9,, + r is a refinement of 9”, n E iY. 
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Let s(t) be the Dirac measure concentrated on t [O, 11, 
e n,k = idn,kl -“2{d(tn,k) - s(tn,k- I,}, l<k<d(?r),?rEN, 
where ldn,kj = t,, - tn,k+ i, and assume that hm, maxk Idn,k( = 0. Then it is 
not difficult to show that A, = {e,,, en,2 ,..., en,,,,,,>, n E N, is an approxi- 
mation sequence of ONS in .M(O, 11. As a corollary of Proposition 2 we 
have the following theorem. 
THEOREM 7. Let B(t), 0 < t < 1, be the standard Brownian motion, X(t), 
0 < t < 1, be an arbitrary continuous process vanishing at zero, p be the 
Wiener measure induced by B(t), and p1 be the Radon measure induced by 
X(t) on C[O, 11. Then p14p if and only if 
converges in L’(p) to 4 such that E”[4] = 1, where B(d,k)= 
B(tn,,)-B(t,z,,-,), X(A,k)=X(t,,)-X(t,k-,), l,<k<d(nh nEN(, and 
LEx[ ] and E”[ ] are the expectations with respect to X(t) and B(t), respec- 
tively. 
And then 4 is the Radon-Nikodym derivative. 
5. CONVOLUTION 
Let v be a Radon measure on E and p * v be the convolution of ~1 and v. 
Then the characteristic functional is given by pji(l) = p(t) v”(c) = 
C(r) v”(r), t E E*, where v” is the characteristic functional of v. If ,u* v $,u, 
then v”(r) is continuous on H. The aim of this section is to give some suf- 
ficient conditions on v for p * v $ p. 
LEMMA 6. (1) Zf v = 6,) the Dirac measure concentrated on x E E, then 
p*6,~p if and only ifx~ H. 
(2) Zfv(H)= 1, then p*v+p. 
(3) Assume that PL* v -+,a and let E, be a fuil linear subspace of E. 
Then we have v(E,) = 1. 
Proof (1) is well known. 
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(2) Assume that v(H)= 1 and p(N) =O. Then by (1) 
p(N-x)=(p*6,)(N)=O for all XEHSO that we have 
(p* v)(N) = jE PL(N - xl dv(x) 
= s p(N- x) dv(x) = 0. H 
(3) Assume that p * v 4 ,U and let E, be a full linear subspace. Then we 
have 
so that v(x E E: p(E, - x) = 1) = 1. Since EO is a linear subspace, we have 
(EO - x) n E,, = @ if x $ &. Therefore we have (x E E, p(EO - x) = 1 } c EO 
and v(E,,)>v(x~E:p(E~-x)= l)= 1. Q.E.D. 
By Lemma 6 our interest is reduced to the case where v(H) = 0. 
Since ? is bounded, Theorem 5 is applicable and we have the following 
proposition as a corollary. 
PROPOSITION 3. Let v be a Radon measure on E. Then we have p * v 6 p if 
and only if v”(t) is continuous on H and there exists an approximation 
sequence {P,} in 9 such that 
h(x)= jEe (pnX.p,Y)-(1/2)1~nY12 dv(y) 
converges in L’(p). 
And then the limit function is the Radon-Nikodym derivative. 
Proof: Let P, be an approximation sequence in 8. Then, since {P,} is 
bounded so that integrable for every n E N, we have 
AZ(x) = =%“W 
= C(Pnx) [E, [ e--i(P”x.P”s) I, eicPny. f”El dv( y)] 
= 
I 
e(Pnx.p,Y)-(l/2)lp”Yl* dv( y), 
E 
which is p-integrable for C( <) v”(t) is non-negative definite. Therefore 
Theorem 5 proves the theorem. Q.E.D. 
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As in Proposition 2 we can modify Theorem 7 as follows. The proof is 
similar to that of Proposition 2. 
PROPOSITION 4. Let v be a Radon measure on E. Then we have ,u * v 4 ,u if 
and only if there exists an approximation sequence of ONS in E*, say, 
A, = {e,,, , en,2,..., en,dcnj}, n E N, such that 
4M=jEexp [ ?’ (x3 e,,k>(y, en,&) -i (Y, en,&)‘] NY) 
&=I 
converges in L’(u). 
And then the limit function is the Radon-Nikodym derivative. 
Proposition 4 gives the following theorem in a similar manner to the 
proof of Theorem 7. We use the same notations with Theorem 7. 
THEOREM 8. Let B(t), 0 < t < 1, be the standard Brownian motion, X(t), 
0 6 t ,< 1, be an arbitrary continuous process vanishing at 0 and independent 
of {B(t)), p be the Wiener measure induced by B(t), and v be the Radon 
measure induced by X(t) on C[O, 11. Then B(t) + X(t), 0 d t < 1, induces 
us* v and we have u* v <p tf and only tf there exists a sequence of decom- 
position of [0, l] 
s,,: 0 = t,,,,J < t,,, < ” ’ < t,,& < ‘. ’ t,&,) = 1 
such that ~2~ +, is a refinement of Bn,, n E iV, lim,max& IAn,kl = 0, and 
converges in L’(u). 
The followjng theorems are also applications of Proposition 4. 
TI-EOREM 9. Let v be a Radon measure on E and assume that there exists 
a CONS {e&f of H chosen from E* such that 
sup 
n j ( 
exp f: <y, ek>(y’, ek> dv(y)My’)< +a 
EXE k=l ) 
Then p*v<,u. 
Proof: Obviously A,, = {el, e2,..., e,}, n E N, is an approximation 
sequence of ONS in E* so that Proposition 4 is applicable and we have 
h(x)= jpp (&li, < x,ek)(y,ek)-~(y,ek)‘)dv(y). 
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On the other hand since { (x, ek)} is a standard Gaussian sequence so that 
#,, is a a(P,)-martingale where P, is the orthogonal projection of H to the 
linear span of {el, e2 ,..., e,}. 
Then 
sup mLw1 n 
= sup 
n 
dv(~)dv(.v’)< +m 
implies the uniform integrability of (d,} and #n converges in L’(p). 
Q.E.D. 
Before stating Theorem 10 we prove the following lemmas. 
LEMMA 7. Let {xk} be an independent real random sequence on (E, p) 
such that the expectation E,[X,(x)] = 0, 1 + xk>O, a.& kE N, and 
Z=lim,nrt=,(l+Xk)>O,(I.S. ?%enZ,=n;=l(l+Xk)conuergestoZin 
L’W 
PrOOf. Define Yk = (1 + xk) , l/2 kE N. Then we have f&[Yk] < 1 and 
= lim IE, 
n [ 1 jj Yk =lip E,[ZA’2] k=l 
Therefore we have for every n, m E N (n < m) 
IE,[Iz,-2,~]2=IE,[~zfj2-z~2~ Izy2+zfn/21]2 
<41E [(z”2-z1’212] x n m 
= 8[E,[ 1 - Z;‘2Z:2] 
asn,m+ 00. Q.E.D. 
LEMMA 8. Let {xk) be a real sequence such that xk > -1, k E N. Ij 
& xk and zk x2 converge, then Z, = n; = 1 (1 + xk) converges to a positive 
number. 
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ProoJ: Since Cxk converges, we have lim, x,=0 so that we may 
assume ) xkl < 1, k E N. By the Taylor expansion we have 
Clog(1 +x,)=X f (-yn+l”;. 
k k n=l 
For every N, M (N (r M) E N we have 
as N,M+ +co 
since Ck xz < +cc. Therefore 
c log( 
k 
converges. 
I+&)=&+ 1 ‘-‘,’ 
n+l 
xx;: 
k n>2 k 
Q.E.D. 
THEOREM 10. Let v be a Radon measure on E and assume that there 
exists a CONS {ek} of H chosen from E* such that {(y, ek)} is an 
independent symmetric random sequence on (E, v), and 
M=nz2&x/ (y, ek)2”e-‘1’2)(y,ek)2dv(y)< +a~. 
‘k E 
Then we have p * v - ,u. 
ProoJ: Assume that the hypothesis is satisfied. Since (( y, ek)} are 
independent, we have 
x, ek>(y? ek>-i (Y? ek>2 My) 1 
= fi 1 exP[(x,ek)(y,ek)-~(y,ek)‘]dv(y), nEN. 
k=l E 
Define 
Xk=j)xp [ ( x7 ek>(% ek>-!j (Y? ek>’ 1 NY)- 1, kEN. 
Then {Xk} is an independent random sequence on (E, /J) such that 
E,[X,(x)] = 0 and 1 +X, > 0, a.s. (,u), ke N. Therefore if we prove that 
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np= I (1 + X,) > 0, as. (p), then by Lemma 7 4, = n;’ 1 (1 + A’,) con- 
verges in L’(p). By Lemma 8 it is enough to prove the convergences of 
CkXk and Ck x;Z,. 
In fact we have by the symmetricity of ( ( y, 6-k ) } 
xk=IE E f ( x7 ek>“<y? ek)ne 
-(w<Y,ek>2 &(y) _ 1 
n-o . 
~~~o~(x,ek)2njt(y,ek)2ne~0(y~“~2dv(y) 
- nzo[E$$ (y,ek)2”e-(1’2)~y~“)2dv(y) 
=i {(x, ek)*- l} jE (y, ek)’ e-(1’2)<y’ek’2 h(y)
+f { 
< y9 ek)2n e 
-(1/2KY,Q>2 &(y) 
n=2 
= vk + wk. 
Since { (x, ek) } is a standard Gaussian sequence on (E, p) and by 
Schwarz’ inequality we have 
2 
(Y,ek)‘e 
-(W)<Y, e&F (jv( y) 
<c 
s 
(y, ek>4e -(1/*)<y,ek)2dV(y)~2M< +co, 
k E 
C vk and C e converge almost surely. 
On the other hand we have 
x E(Yyek) 
s 
73 e-‘/2)<Y.et>2 &(y) 
=2nF2&JE (YTek)2ne ~(1/2)<y,ek>2dV(y)~2M< +a. 
Therefore 2 wk converges absolutely a.s. (,u) so that c vk converges 
almost surely. 
These imply that zk xk = & vk + & wk and c&!$ = & e + 
2 ck vk wk + zk w’k converge almost surely (p). Q.E.D. 
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EXAMPLE 2. Let E= R”, the space of all real sequences, p is the 
product measure of copies of N(0, 1). Then we have H = 12. Let v be the 
product measure of N(0, x) u,,v,>O,k~~.Then~~*v~~ifC~~~<+~~. 
Remark that v(IJ = 0 if C uk = +co. 
In fact let {ek} be the canonical CONS of I*. Then we have for every 
k,nEN 
n!2&F jE (Y,ek)2”e-(1’2)(y,ek)2dv(y) 
=if jr e(‘/*KY’ e&P _ 1-i (y, ek)* e-u/2)<Y, ekj2 dv( y) 
k=l 
COROLLARY. Let v be a Radon measure on E and assume that there 
exists a CONS {ek} of H chosen from E* such that {( y, ek)} is an 
independent symmetric random sequence on (E, v) and 
ProoJ We have 
n;2&k;l j (y’ek)2ne -(1/2)(Y,ek)2dv(y)< 1 ; j~('y,,e*)z)'&(y) 
~32 * k 
k “‘~k’4~dv(y)~/e~p[~(~~y,e,)4)1’z]dv(y) 
< +al. 
EXAMPLE 3. Let p be the same as in Example 2 and v = 
nI,f(6,.+6-J where C,,ai< +a. Then p*v-p. 
~(1~) = 1 if and only if C,, ai < +co. 
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